Introduction and statement of results

Let R
n be the n-dimensional Euclidean space with a point x ¼ ðx 1 ; x 2 ; . . . ; x n Þ. For a multi-index l ¼ ðl 1 ; l 2 ; . . . ; l n Þ, we set jlj ¼ l 1 þ l 2 þ Á Á Á þ l n ; We denote by Bðx; rÞ the open ball centered at x with radius r > 0, whose boundary is written as Sðx; rÞ ¼ qBðx; rÞ. We also denote by B the unit ball Our first aim in this note is to establish Bô cher's theorem for subpolyharmonic functions u A L 1 loc ð2B 0 Þ, where 2B 0 ¼ Bð0; 2Þ À f0g; for polyharmonic functions, we refer the reader to the previous paper [3] as a generalization of Armitage [1] .
for some number s b maxfÀ2m; Àng, then
for a.e. x A B 0 , where L is the integer such that s þ 2m À 1 < L a s þ 2m, h A H m ðBÞ and CðlÞ denote constants.
The above expression is called the Laurent series expansion for u.
To prove Theorem 1, we first show that the generalized potential Ð B 0 R 2m; L ðz; xÞdmðzÞ satisfies condition (1) for s 0 > s, and then apply Bô cher's theorem for polyharmonic functions on B 0 given in [3] .
Next we discuss removability of sets for sub-polyharmonic functions in R n .
We say that a continuous function h on ½0; yÞ is a measure function if hð0Þ ¼ 0, h is nondecreasing and
where M is a positive constant. For e > 0 and E H R n , write
where dðx; EÞ denotes the distance of x from E, that is, dðx; EÞ ¼ inf fjx À yj : y A Eg. Then the upper Minkowski h-content of E is defined by
jE e j hðeÞ ;
where jF j denotes the n-dimensional Lebesgue measure of a set F. If hðrÞ ¼ r nÀa , 0 a a < n, then we write M a for M h . We introduce the result by Riihentaus [11] (see also Gardiner [4] ).
Theorem A (Riihentaus) . Let a A ½0; n À 2 and let E be a closed set in W such that M a ðEÞ ¼ 0. If f is subharmonic in WnE and satisfies f ðxÞ a dðx; EÞ aþ2Àn for all x A WnE; then f has a subharmonic extension to W. Now we state the following theorem. 
Lemmas
Throughout this paper, let M denote various constants, not neccessarily the same on any two occurrences.
We need several lemmas to prove Theorem 1. 
We put I ðxÞ ¼ Ð B 0 jR 2m; L ðz; xÞjdmðzÞ, where L is the integer such that s þ 2m À 1 < L a s þ 2m; note here that L b 0 and L b 2m À n because s b maxfÀ2m; Àng. For x A B 0 , consider the sets 
if 2m < n, then I 2 ðxÞ is replaced by
We prove the following lemma. Proof. We have only to treat s 0 satisfying s 0 > s and
Lþ1 jxj 2mÀnÀLÀ1 dmðzÞ jxj with the aid of (6).
Next Corollary. If u is a subharmonic function on 2B 0 satisfying ð
then u can be extended to a subharmonic function on B, where u þ ðxÞ ¼ maxfuðxÞ; 0g.
Proof. Since u þ is subharmonic on 2B 0 and satisfies (1) with s ¼ À2, we can take L ¼ 0 in Theorem 1, and show that u þ is of the form
is harmonic in B and C is a constant. In view of (7) where kðrÞ ¼ 1 for n b 3 and kðrÞ ¼ logð1=rÞ for n ¼ 2, which shows that C ¼ 0. Thus u þ is extended to a subharmonic function on B. Since u a u þ , u is bounded above near the origin, so that u is extended to a subharmonic function on B by [6, Theorem 5.18].
Removability of sets
To prove Theorem 2, we need the following lemma, which is a version of partition of unity (cf. [7] ). 
Proof of Theorem 2. By our assumption that M h ðEÞ ¼ 0, for e > 0, there is r 0 , 0 < r 0 < 1, such that jE r j a ehðrÞ whenever 0 a r a r 0 : ð9Þ 
for nonnegative j A C y 0 ðWÞ. We may assume that 0 a j a 1 and jD l jj a 1 for every multi-index jlj a 2m. We put K ¼ supp j and take r 0 > 0 such that
Let 0 < 4r < r 0 . By a covering lemma, we can find a finite collection of balls B i ¼ Bðx i ; rÞ such that f5 À1 B i g is mutually disjoint and
By re-indexing if necessary, we can find N Ã such that
& Let j i be as in Lemma 5. Since u is sub-polyharmonic of order m in WnE, we see that ð As in [7] we can prove the following theorem, which gives an extension of a theorem in Gardiner [4] . 
Remarks on Theorem 1
Suppose that u A L whenever 2jzj a jxj and 2m À n < l þ 1, where M is a positive constant depending only on m and n. Thus our theorem gives a condition which assures that L is bounded and the above sum contains only finite terms.
Remark. We do not know whether u has a similar Laurent expansion or not, if we replace condition (1) by ð 2B 0 u þ ðxÞjxj s dx < y:
